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Introduction

* In this topic, we will
— See various techniques for finding eigenvalues
— Look at some examples
— Introduce the QR decomposition
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Eigenvalues of a matrix

* We will discuss algorithms for finding the eigenvalues of a matrix
— We'll start with 2 x 2 matrices
— We'll investigate 3 x 3 matrices
— We'll look at the general case of n x n matrices
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Eigenvalues of a 2 x 2 matrix

e Fora?2 x 2 matrix:

det(/uz—A)zdet(}“_al’1 e j:(/1—611,1)(Z—az’z)—amaz’l

—d,, A— a,,
_ 12
=A" - (al,l Tda,, )/1 Ta,,0,, —a,4d,,

=1 —tr(4)A  +det(4)
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tr(A)i\/tr(A)2—4det(A) tr(4) \/[tr(A)
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Eigenvalues of a 2 x 2 matrix

* For example, consider
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Eigenvalues of a 2 x 2 matrix

* For example, consider
D (F298 =23
24 07
tr(4)

tr(A4)=-2.2
£(4) :

=—1.1

det(A4)=4.45

A, A, =—1.1%+1.21-4.45

=-1.12+v-3.24

=—1.1+1.8/
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Eigenvalues of a 3 x 3 matrix

* For finding the eigenvalues of a 3 x 3 matrix:

A— au _a1,2 _al,3
det(ﬂd3 —A) =det| -a,, A-a,, -a,; |= (/1—0!1,1)(/1—“2,2)(/1_“3,3)
—dy —as, A— d; 3

—a, 4,305 —d;,d, A,
- (/1 — 4, ) Q33455
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Eigenvalues of a 3 x 3 matrix

* Unless you can easily detect an eigenvalue,
you must solve the cubic, which means using software

— If the matrix is not invertible,
you are guaranteed 0 is an eigenvalue, so 0 is a root

A+, AP +cA=0

Ay Ay =0, >
~0.-5(%) -
A+, A2 =0
A2, 25 =0,0,—,
=0 Ay, A =0,0,0 : Q:&
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Eigenvalues of a 3 x 3 matrix

* Now, if we are calculating the eigenvalues of a real matrix
A+, AP+ A+c, =0
— By the fundamental theorem of algebra,
one root must be real

— If you can detect that root, or find it using Newton’s method,
you can factor that root out using polynomial long division

AP +C A+,
A= 24+, +ed+e,

—C, —4c,
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Eigenvalues of a 3 x 3 matrix

For example, consider

4 -2 2
A=|-2 5
2 3 5

— The characteristic polynomial is:
A —142° + 482
— We note that A, = 0 is a root, and therefore an eigenvalue

— The roots of 4> —141 + 48 may be found with the quadratic
formula:

144196 —4-48 :Hﬂ o]

2 2
— Thus, the eigenvalues are 0, 6, 8
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Eigenvalues of a 3 x 3 matrix
A2 —124+27
A-1)A> —1327 +394 27
For example, consider . ,
4 -2 3 - A - A
A=1-2 5 2 —124%+ 394
-3 2 4 — 1227+ 124
— The characteristic polynomial is: 27A-27
A’ —134% +394-27 — 27 A-27
— We note that A, =1 is a root, and therefore an eigenvalue 0
— The roots of 1 —121 + 27 may be found with the quadratic
formula:
12+/144-4.27 _ ‘o V36 _ (s

2 2
— Thus, the eigenvalues are 1, 3, 9
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Eigenvalues of a n x n matrix

* For larger matrices, the techniques are based on the following:
A, < A4
— A QR decomposition decomposes a matrix into:

* Anisometric (orthogonal) matrix Q

e An upper-triangular (“right-triangular”) matrix R
A, = OR,
4, < R0,

* We repeat this many times

Ak = QkRk
Ak+1 < Rka

* The diagonal entries of Q R, converge to the eigenvalues
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Eigenvalues of a n x n matrix

* For example, consider this matrix:
0.706934 0.072311 0.985703 0.340629

0.861327 0.180285 0.622810 0.027637
0.678343 0.260757 0.486343 0.166809
0.707802 0.936198 0.186391 0.460085

— It has eigenvalues
1.8942,-0.0005391 + 0.3377/,-0.0005391 — 0.3377/, —0.059433

(11.8942 —0.057262  -0.75208  —0.28950
0.3x10™ [-0.13602  —0.33912| -0.0056144
0.8x107" | 0.39046 0.13495 0.78977

L 8.9%x10™  D3x107*  0.6x107 |-0.059433

Q37R37 =
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Summary

Following this topic, you now
— Know how to find eigenvalues of 2 x 2 or 3 x 3 matrices

— Understand there are algorithms for finding eigenvalues
of larger matrices

— Have had a brief introduction to the QR decomposition
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Colophon

These slides were prepared using the Cambria typeface. Mathematical equations
use Times New Roman, and source code is presented using Consolas.
Mathematical equations are prepared in MathType by Design Science, Inc.

Examples may be formulated and checked using Maple by Maplesoft, Inc.

The photographs of flowers and a monarch butter appearing on the title slide and
accenting the top of each other slide were taken at the Royal Botanical Gardens in
October of 2017 by Douglas Wilhelm Harder. Please see

https://www.rbg.ca/

for more 1nformat10n
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Disclaimer

These slides are provided for the NE 112 Linear algebra for
nanotechnology engineering course taught at the University of
Waterloo. The material in it reflects the authors’ best judgment in
light of the information available to them at the time of preparation.
Any reliance on these course slides by any party for any other
purpose are the responsibility of such parties. The authors accept
no responsibility for damages, if any, suffered by any party as a
result of decisions made or actions based on these course slides for
any other purpose than that for which it was intended.
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